In this paper, we present approximate symmetries of the Black-Scholes equation for small values of volatility and rate of return parameters. A novel method for obtaining the approximate symmetry of a singularly perturbed partial differential equation (PDE) is introduced. Further, we compute the optimal system in the singular case. Finally, by combining two methods, a new approach that calculates the approximate generators for admitted Lie groups of asset price is provided.
Introduction
In general, the methods for calculating solutions of differential equations can be divided into three categories. The first category methods are those that lead to exact solutions. For example, the well-known approach that originated at the end of nineteenth century from the pioneering work of Lie [11] provides a systematic approach in this category. The second category includes numerical methods. Finally, the last approach consists of approximate methods, which are mainly based on the perturbation theory. In 1988 and 1989, Lie group methods and perturbation theory were combined in two different approaches thus leading to the approximate symmetry methods (ASM). The first method, which is more consistent with the Lie-group theory, has been developed by Baikov et al. [1, 2] . In [12] this method has been generalized to the Hamiltonian systems. The second procedure proposed by Fushchich and Shtelen [9] and later by Euler et al. [4, 5] is more consistent with the perturbation theory. In the second approach, the small parameter is omitted because it is based on the perturbation of dependent variables. A comprehensive comparison of these two methods is presented in [14, 16] . Further, in [14, 17] two novel methods for obtaining the approximate symmetry are introduced. The Black-Scholes equation is a mathematical model that describes the price of an option over time. This partial differential equation (PDE) is expressed as follows :
Here, V is the option value and the asset price S follows the geometric Brownian motion given as
where the volatility (σ ), risk-free interest rate (r) and drift rate of price of the stock price (µ) are arbitrary constants, and W is a Wiener process. The Wiener process is also called standard Brownian motion. Physical methods have already been employed to describe this financial PDE. For instance, in [3] , Edelstein and Govinder calculate the conservation laws for the Black-Scholes equation. When 0 < r ≪ 1, we have a regular perturbation problem. In section 2, approximate symmetries of the Black-Scholes equation are calculated with a new method, which has been proposed by Pakdemirli et al. [14] . This method is a modification of the second method and is consistent with the perturbation theory. Although the perturbation method provides in general, better results for small perturbation parameterse ε ≪ 1, In most cases, approximate solutions have a good accuracy, even for relatively large values of the perturbation parameter [6, 7, 8] . Black-Scholes equation can be transformed to the heat equation [15] . By comparing figures between approximate and exact solutions of the heat equation, the effectiveness of the perturbation method has been shown by Filobello-Nino et al. [6] . When 0 < σ 2 ≪ 1, we have a singular perturbation problem. In section 3, we combine the ASM and WentzelKramers-Brillouin (WKB) method to solve this singular case. In section 4, approximate generators of a perturbed stochastic differential equation are computed. Finally, conclusions are drawn in section 5.
2 Approximate symmetries with respect to r when 0 < r ≪ 1
Approximate symmetries
In this method, first, the dependent variable (V ) is expanded in a perturbation series with respect to the parameter ε = r as
Then, by substituting the expansion of the dependent variable into the original equation, we obtain
However, in this method, we have to calculate the symmetries of the equation
The corresponding generator is
Using the classical Lie group techniques, we finally obtain 
By redefining the constants, we may write the final approximate solution as follows:
Five simulated sample paths of asset price and approximate option value with respect to a small risk-free interest rate, i.e., V , are shown below for r = 0.01,
(a) Simulated sample paths of asset price S(t) (b) Simulated sample paths of approximate option value
For the parameter C 5 , the first-order solution would be V 0 = c 1 . At the first order of approximation, the function h would then be h = c 1 . For Equation (2.6) to be satisfied with C 5 = 1 with all the other parameters taken as zero, α(x,t) may be selected as α = 0. The solution at order ε is given as
Thus, we may give the final approximate solution by redefining the constants as follows:
Similarly, invariant solutions for C 1 , C 2 and C 4 can be obtained with more computations. However, there is no invariant solution for C 6 .
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In this section, we consider the Black-Scholes equation for a small parameter σ 2 = ε. We analyze this singular pertubation problem with a new method that is a combination of the WKB method and ASM.
First, we assume a solution in the form of an asymptotic series expansion given by
in the limit δ → 0. Now, we substitute (3.7) into (1.1) and divide the exponential factors:
For our problem the scales, the largest term on the left-hand side of the above equation, are given by
Then, by substituting V = e 1 δ u+v and δ = ε/2 into the Black-Scholes equation, we have
By applying the standard Lie group techniques, we finally obtain
Then, we obtain the following approximate symmetries of the Black-Scholes equation :
Further, the commutation relations between these vector fields are given in the following table: Here, the five-dimensional approximate Lie algebra g is solvable, and its finite sequence of ideals is given by
In general, for each s-parameter subgroup H of the full symmetry group G of a system of differential equations with p > s independent variables, there will correspond a family of group-invariant solutions. Because there are almost always an infinite number of such subgroups, it is not usually feasible to list all the possible group-invariant solutions of the system. Hence, we need an effective, systematic means of classifying these solutions, leading to an optimal system of group-invariant solutions from which every other such solution can be derived. h) ), g ∈ G [13] . From theorem (3.1), the problem of finding an optimal system of subgroups is equivalent to that of finding an optimal system of subalgebras. To compute the adjoint representation, we use the Lie series 
Theorem 3.2. An optimal system of one-dimensional approximate Lie algebras of the Black-Scholes equation is given as
Proof. Consider the approximate symmetry algebra g of the Black-Scholes equation, whose adjoint representation was determined in the table. We need to simplify as many of the coefficients a i as possible by judiciously applying the adjoint maps to V i so that V i is equivalent to V ′ i under the adjoint representation. Given a non-zero vector
First, suppose that a 1 ̸ = 0. By scaling V 1 if necessary, we can assume that a 1 = 1. Now, for the first column of the table 1, we have : The remaining approximate one-dimensional subalgebras are spanned by vectors of the above form with a 1 = 0. If a 3 ̸ = 0, we have
Next, we act on V 2 to cancel the coefficients of v 2 as follows:
if a 1 , a 3 = 0 and a 2 ̸ = 0, the non-zero vector
The last remaining case occurs when a 1 , a 2 , a 3 = 0, for which our earlier simplifications are not necessary because the subalgebra generated by v 4 and v 5 is an Abelian ideal and their adjoint representation acts trivially.
The approximate global invariants of the first three generators of this optimal system, are shown in Table 2 . 
In addition, the similarity solutions for case (c) that correspond to the symmetry group generated by v 2 + αv 5 = S
Therefore,
Five simulated sample paths of asset price and approximate option value for a small σ 2 , i.e., V , are shown below. Here, σ 2 = 0.01, α = 0.6, r = 0.05, µ = c 1 = 0.1, c 2 = −18, and initial value S(0) = 10 in the interval [0, 1].
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Invariant solutions for cases (a) and (b) can be found with more computations. However, there is no invariant solution for case (d).
4 Approximate symmetries of asset price S when 0 < σ ≪ 1
Preliminaries
In this subsection, we will mention some necessary preliminaries regarding admitted Lie groups and determining equations of stochastic ordinary differential equations (SODEs). The general concepts of the SODEs are given in [10] . Let us consider a system of SODEs:
where B k (k = 1, · · · , M) are the standard Brownian motions. Further, assume that the set of transformations
composes a Lie group with the infinitesimal generator
Because the initial point in the Riemann and Itô integrals is fixed t = 0, it has to be an invariant of the admitted transformations. This gives h(0, x) = 0.
According to Lie's theorem, the functions H(t, x, a) and φ(t, x, a) satisfy the Lie equations 12) and the initial conditions for a = 0 are: Let X(t) be a continuous and adapted stochastic process satisfying (4.10) given by 14) where the drift vector f = ( f 1 , ..., f N ) and diffusion matrix g = (g ik ) N×M are given functions, and B = (B 1 , ..., B M ) is the multi-Brownian motion. Moreover,
)ds is a Riemann integral, and
is an Itô integral. A Lie group of transformations (4.11) is called admitted by stochastic differential equations (4.14) if for any solution X(t) of (4.14) the functions η (t, x, a) and φ(t, x, a) satisfy
where the function β X (t) given by
By comparing with the deterministic differential equations, we can obtain the so-called determining equations by differentiating (4.15) and (4.16) with respect to the parameter a, and substituting a = 0 as follows:
−2 f − i,t(t, X(t))
Here, we used the relation
which is obtained after differentiating β X (t, a) = ∫ t 0 η 2 (s, X(s), a)ds with respect to the group parameter a and substituting a = 0 into it. Equations (4.17) and (4.18) are integro-differential equations for the functions τ(t, x) and ξ (t, x). These equations have to be satisfied for any solution X(t, ω) of the stochastic differential equation (4.14) . The determining equations (4.17) and (4.18) only give necessary conditions for the transformed function to be a solution of the original equations because they are obtained by equating integrands. In contrast, the deterministic equations, where the determining equations are obtained by differentiating the original equations with the transformed solution substituted into them, also give sufficient conditions. If the function τ(t, x) is given, then the function h(t, x) is the unique solution of the Cauchy problem as follows:
It is noted that each of these Cauchy problems has a unique solution.
Approximate admitted generators
First, let us assume S = X + σY. ) , (4.21) where F 1 , F 2 and F 3 are arbitrary functions of z.
Conclusion
Most of the financial PDEs such as the Black-Scholes equation are linear. Therefore, the WKB method can be used in these singular cases. In this study, we propose a modified method for solving the linear PDEs by combining the WKB method with the approximate symmetry method. An advantage of this method is that we can solve the singularly perturbed PDEs without expanding the independent variables. After substitution of the asymptotic series expansion into the differential equation, the proposed method converted the differential equations to a system of nonlinear PDEs as opposed to the classical Lie group method that converted it to a system of linear PDEs. Finally, the proposed approach for calculating the approximate generators for admitted Lie groups can be applied to different stochastic volatility models such as the hull and white stochastic volatility, Heston, CEV, SABR volatility, GARCH and 3/2 models.
